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Abstract
In this paper we calculate pair production from bremsstrahlung as a classical
effect in Stueckelberg-Horwitz-Piron electrodynamics. In this framework, world-
lines are traced out dynamically through the evolution of events xµ(τ) parameter-
ized by a chronological time τ that is independent of the spacetime coordinates.
These events, defined in an unconstrained 8D phase space, interact through five
τ-dependent gauge fields induced by the event evolution. The resulting theory
differs in its underlying mechanics from conventional electromagnetism, but co-
incides with Maxwell theory in an equilibrium limit. In particular, the total mass-
energy-momentum of particles and fields is conserved, but the mass-shell con-
straint is lifted from individual interacting events, so that the standard Feynman-
Stueckelberg interpretation of pair creation/annihilation is implemented in classi-
cal mechanics.
We consider a three-stage interaction which when parameterized by the lab-
oratory clock x0 appears as (1) particle-1 scatters on a heavy nucleus to produce
bremsstrahlung, (2) the radiation field produces a particle/antiparticle pair, (3) the
antiparticle is annihilated with particle-2 in the presence of a second heavy nu-
cleus. When parameterized in chronological time τ, the underlying process devel-
ops as (1) particle-2 scatters on the second nucleus and begins evolving backward
in time with negative energy, (2) particle-1 scatters on the first nucleus and releases
bremsstrahlung, (3) particle-2 absorbs radiation which returns it to forward time
evolution with positive energy.
1 Introduction
In the historical introduction to his book on quantum field theory [1], Weinberg de-
votes a paragraph to deprecation of Dirac’s hole theory of antiparticles, observing
that QFT had made the theory ”unnecessary, even though it lingers on in many text-
books.” It might also have been mentioned that the essential idea of hole theory also
lingers on productively as the quasiparticle formalism in condensed matter physics
and many-particle theory.1 Still, as an interpretation of particle/antiparticle processes,
1More generally, Dirac’s fundamental insight that the absence of a physical object can behave like
the presence of an inverse object has been influential in many fields, especially psychology, and can be
compared to the remark attributed to Miles Davis that, “Music is the space between the notes. It’s not
the notes you play; it’s the notes you don’t play.”
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the Feynman-Stueckelberg time reversal formalism, expressed in QFT through the
Feynman propagator, has many conceptual advantages. One advantage not men-
tioned by Weinberg is that besides not requiring the Dirac sea, it does not actually
require quantum field theory. The description of an antiparticle as a particle propagat-
ing backward in time was first proposed by Stueckelberg [2] in the context of classical
relativity, without resort to quantum ideas or phenomena. In this model, a pair pro-
cess is represented by a single worldline, generated dynamically by a classical event
whose time coordinate advances or retreats with respect to the laboratory clock, as its
instantaneous energy changes sign under interaction with a field.
In order to generate worldlines of this type, Stueckelberg constructed a covariant
Hamiltonian theory of interacting spacetime events, in which the events evolve dy-
namically, as functions of a Poincare´ invariant parameter τ. As shown in Figure 1,
the particle worldline is traced out in terms of the values taken on by the four-vector
xµ (τ) as the parameter proceeds monotonically from τ = −∞ to τ = ∞.
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Figure 1: World Lines [2]
A: Usual type, with a unique solution to t (τ) = x0 for each x0
B: Annihilation type, with two solutions to t (τ) = x0 for x0  0 and no solution for x0  0
C: Creation type, with two solutions to t (τ) = x0 for x0  0 and no solution for x0  0
By explicitly distinguishing the Einstein coordinate time x0 = t from the temporal or-
der [3], the parameter time τ becomes formally similar to the Galilean invariant time in
Newtonian theory, serving Stueckelberg’s broader goal of generalizing the techniques
of nonrelativistic classical and quantum mechanics to covariant form. Stueckelberg
identified pair creation in worldlines of type C in Figure 1, because there are two so-
lutions to t(τ) = t2, but no solution to t(τ) = t1. The observer will therefore first
encounter no particle trajectories and then encounter two. It seems clear that the in-
trinsic electric charge should not change along the worldline, but to identify one part
of the worldline as an antiparticle trajectory, requires that the measured charge reverse
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sign. Charge reflection may be grasped intuitively as in Dirac’s hole model: carrying
positive charge in one time direction should be equivalent to carrying negative charge
in the opposite time direction. In standard QFT, charge conjugation is accomplished
through the action of an operator with no classical analog. In Stueckelberg’s classical
formalism, the 0-component of the current includes the electric charge multiplied by
dx0/dτ, which becomes negative when the event xµ (τ) evolves toward earlier values
of t = x0. Thus, particles and antiparticles do not appear as distinct classes of solu-
tions to a defining equation, but as a single event whose qualitative behavior depends
instantaneously on the dynamical value of its velocity.
A standard technique for pair creation in the laboratory is the two-step process by
which Anderson [4] first observed positrons in 1932: high energy electrons are first
scattered by heavy nuclei to produce bremsstrahlung radiation, and electron/positron
pairs are then created from the radiation field. The Bethe-Heitler mechanism [5] de-
scribes this technique as the quantum process,
e− + Z −→ e−+Z + γ
Z + γ −→ Z + e− + e+
involving a quantized radiation field and the external Coulomb field of the nuclei. The
Feynman diagrams describing the second step in QED are shown in Figure 2 [6].
Figure 2: Bethe-Heitler mechanism in QED
The incoming real photon carries 4-momentum kγ and the real outgoing electron and
positron carry 4-momentum qe and qp. The intermediate virtual state carries 4-momentum
p˜e or p˜p, and the virtual photon exchanged with the nucleus is represented by the
dashed line.
A modern experimental setup is shown in Figure 3 [7].
3
Figure 3: Bethe-Heitler mechanism in the laboratory [7]
Electrons are accelerated to high energy by focusing an intense laser pulse on a thin
gold disk. The electrons are strongly deflected in the Coulomb field of the nuclei and
emit bremsstrahlung represented in the illustration as γ-rays. In the Coulomb field of
a nucleus, the photon can decay into an electron/positron pair.
Stueckelberg was not able to provide a classical account of pair processes, because the
mass-shell constraint p2 = (Mx˙)2 = −M2 prevents continuous evolution of the event
trajectory from the timelike region into the spacelike region on its way to time-reversed
timelike motion. He considered adding a vector component to his Lorentz force that
would overcome the constraint, but dropped the idea, finding no justification from
first principles. Just such a vector field appears naturally in a gauge-invariant ap-
proach to Stueckelberg’s theory [8, 9].
In this paper, we give a brief overview of Stueckelberg-Horwitz electrodynamics and
use the formalism to provide a classical description of the pair creation process de-
scribed by the Bethe-Heitler mechanism. Our goal is to calculate the classical trajecto-
ries that produce the two-step process shown in Figure 4.
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Figure 4: Bethe-Heitler mechanism in classical electrodynamics
At chronological time τ1 positive energy particle-1 arrives at the laboratory time co-
ordinate t = t3 and scatters in the Coulomb field of nucleus Z. Particle-1 emerges
with negative energy moving backward in t. At a subsequent time τ2 > τ1 positive
energy particle-2 arrives at t = t1 and scatters to positive energy in the field of another
nucleus, emitting classical bremsstrahlung. This radiation impinges on particle-1 at
t = t2, providing sufficient energy to divert it back to positive energy evolution.
In the laboratory, where events are recorded in the order determined by clock t, the
process appears as particle-2 scattering at t = t1 and emitting bremsstrahlung, fol-
lowed by the appearance at t = t2 of a particle/antiparticle pair. Then at t = t3, the
antiparticle encounters another particle causing their mutual annihilation.
In section 2 we present those features of Stueckelberg-Horwitz electrodynamics re-
quired to describe this scattering process. In section 3 we provide a description of
Coulomb scattering required for the events at t = t3 and t = t1. In section 4 we calcu-
late the acceleration of a particle in the radiation field of a scattering event, providing
a description of the pair creation event. In both the pair creation event at t = t2 and
the pair annihilation event at t = t3, the basic requirement is that the classical inter-
action energy be greater than the masses of the created particles. Section 5 presents a
discussion of the results and directions for further study.
2 Overview of Horwitz-Stueckelberg electrodynamics
The generalized Stueckelberg-Schrodinger equation
(i∂τ + e0φ)ψ(x, τ) =
1
2M
(pµ − e0aµ)(pµ − e0aµ)ψ(x, τ) (1)
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describes the interaction of an event characterized by the wavefunction ψ(x, τ) with
five gauge fields aµ(x, τ) and φ(x, τ). Equation (1) is invariant under local gauge trans-
formations
ψ(x, τ) → e ie0Λ(x,τ) ψ(x, τ)
Vector potential aµ(x, τ) → aµ(x, τ) + ∂µΛ(x, τ)
Scalar potential φ(x, τ) → φ(x, τ) + ∂τΛ(x, τ)
(2)
whose τ-dependence is the essential departure from Stueckelberg’s work, and deter-
mines the structure of the resulting theory [8, 9]. The corresponding global gauge
invariance leads to the conserved Noether current
∂µ jµ + ∂τρ = 0 (3)
where
jµ = − i2M
{
ψ∗(∂µ − ie0aµ)ψ− ψ(∂µ + ie0aµ)ψ∗
}
ρ =
∣∣∣ψ(x, τ)∣∣∣2 . (4)
Adopting the formal designations
x5 = τ ∂5 = ∂τ j5 = ρ a5 = φ (5)
and the index convention
λ, µ, ν = 0, 1, 2, 3 α, β,γ = 0, 1, 2, 3, 5 (6)
the gauge and current conditions can be written
aα → aα + ∂αΛ ∂α jα = 0 . (7)
The classical mechanics of a relativistic event is found by rewriting the Stueckelberg-
Schrodinger equation in the form
i∂τψ(x, τ) =
[
1
2M
(p− e0a)2 − e0a5
]
ψ(x, τ) = Kψ(x, τ) (8)
and transforming the classical Hamiltonian to Lagrangian as
L = x˙µpµ − K = 12 Mx˙
µ x˙µ + e0x˙αaα (9)
from which the Euler-Lagrange equations
d
dτ
∂L
∂x˙µ
− ∂L
∂xµ
= 0 (10)
are
d
dτ
[
Mx˙µ + e0aµ(x, τ)
]
= e0x˙α∂µaα(x, τ) (11)
leading to the Lorentz force
Mx¨µ = e0
[
x˙α∂µaα − (x˙ν∂ν + ∂τ)aµ
]
= e0 f
µ
α(x, τ)x˙α (12)
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where
f µα = ∂µaα − ∂αaµ x˙5 = τ˙ = 1 . (13)
As required for time reversal, particles may exchange mass with fields
d
dτ
(−12 Mx˙2) = −Mx˙µ x¨µ = −e0 x˙µ( fµ5 + fµν x˙ν) = −e0 x˙µ fµ5 (14)
and in this formalism, the mass shell is demoted from the status of constraint to that
of conservation law for interactions in which fµ5 = 0. Analysis of the mass-energy-
momentum tensor shows that the total mass, energy, and momentum of the particles
and fields are conserved. To write an electromagnetic action requires the choice of a
kinetic term for the gauge field, which must be both gauge and O(3,1) invariant. We
write
Sem =
∫
d4xdτ
{
e0 jα(x, τ)aα(x, τ)−
∫
ds
λ
4
[
f αβ(x, τ)Φ(τ − s) fαβ (x, s)
]}
(15)
where the local event current
jα(x, τ) = X˙α(τ)δ4 (x− X(τ)) (16)
has support at the instantaneous location X(τ) of the event. The τ-integral of (16)
along the worldline concatenates the event current into the Maxwell particle current
in the usual form. Taking the field interaction kernel to be [8]
Φ(τ) = δ (τ)− λ2δ′′ (τ) =
∫ dκ
2pi
[
1+ (λκ)2
]
e−iκτ , (17)
the inverse function becomes
ϕ(τ) = Φ−1 =
∫ dκ
2pi
e−iκτ
1+ (λκ)2
=
1
2λ
e−|τ|/λ (18)
which will be seen to spread the current along the worldline. The classical action can
be written using (17) as
S =
∫
dτ
1
2
Mx˙µ x˙µ +
∫
d4xdτ
{
e0 aα jα − λ4 fαβ f
αβ − λ
3
4
(
∂τ f αβ
) (
∂τ fαβ
)}
(19)
in which the gauge and O(3,1) invariance are manifest. The τ derivatives in the last
term explicitly break any formal higher symmetry in the electromagnetic terms. Vary-
ing the action in the form (15) with respect to the fields and applying (18) leads to the
field equations
∂β f αβ (x, τ) =
e0
λ
∫
ds ϕ (τ − s) jα (x, s) = e jαϕ (x, τ) (20)
∂α fβγ + ∂γ fαβ + ∂β fγα = 0 (21)
which are formally similar to 5D Maxwell equations with e = e0/λ. The source
jαϕ (x, τ) of the field in (21) is the instantaneous current jα (x, τ) defined in (16) with
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its support along the worldline smoothed by the kernel function ϕ(τ). For λ very
small, ϕ becomes a delta function which narrows the source to a small neighborhood
around the event inducing the current. The parameter λ plays the role of a correlation
length, characterizing the range of the electromagnetic interaction.
Rewriting the field equations in vector and scalar components, they take the form
∂ν f µν − ∂τ f 5µ = e jµϕ ∂µ f 5µ = e j5ϕ = eρϕ
∂µ fνρ + ∂ν fρµ + ∂ρ fµν = 0 ∂ν f5µ − ∂µ f5ν + ∂τ fµν = 0
(22)
which may be compared with the 3-vector form of Maxwell equations
∇× B− ∂0E = eJ ∇ · E = eJ0
∇ · B = 0 ∇× E + ∂0B = 0
(23)
with f5µ playing the role of the vector electric field and f µν playing the role of the
magnetic field. It is sometimes notationally convenient to further expand the field into
3-vector components as
(e)i = f 0i (h)in = eijk f jk (f5)i = f 5i . (24)
The connection with Maxwell theory is found, as seen for the instantaneous event
current, by concatenation — integration over τ along the worldline,
∂β f αβ (x, τ) = ejαϕ (x, τ)
∂[α fβγ] = 0
∂α jα = 0
 −−−→∫ dτ

∂νFµν (x) = eJµ (x)
∂[µFνρ] = 0
∂µ Jµ(x) = 0
(25)
where
Aµ(x) =
∫
dτ aµ(x, τ) Fµν(x) =
∫
dτ f µν(x, τ) Jµ(x) =
∫
dτ jµ(x, τ) . (26)
The field equations (22) are called pre-Maxwell equations, and together with the Lorentz
force (12) describe a microscopic event dynamics for which Maxwell theory can be
understood as an equilibrium limit. Since e0aµ must have the dimensions of eAµ, it
follows that e0 and λ have the dimension of time and e = e0/λ is dimensionless. The
pre-Maxwell equations lead to the wave equation
∂α∂
αaβ (x, τ) =
(
∂µ∂
µ − ∂2τ
)
aβ (x, τ) = −ejβϕ (x, τ) (27)
whose solutions may respect 5D symmetries broken by the O(3,1) symmetry of the
event dynamics. The principal part Green’s function is
G(x, τ) = − 1
2pi
δ(x2)δ(τ)− 1
2pi2
∂
∂x2
θ(x2 − τ2)√
x2 − τ2 , x
2 = xµxµ
= −D (x) δ(τ)− Gcorrelation(x, τ)
(28)
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where D(x) is the 4D Maxwell Green’s function and Gcorrelation vanishes under concate-
nation. In this paper we neglect the correlation term. The ‘static’ Coulomb potential
in this framework is induced by an isolated event moving uniformly along the t axis.
Writing the event as
x (τ) = (τ, 0, 0, 0) (29)
produces the currents
j0(x, τ) = j5(x, τ) = δ(t− τ) δ4(x) j(x, τ) = 0 (30)
j0ϕ(x, τ) = j
5
ϕ(x, τ) = ϕ(t− τ) δ4(x) jϕ(x, τ) = 0 (31)
inducing the Yukawa-type potential
a0(x, τ) = a5(x, τ) =
e
4pi|x|ϕ (τ − (t− |x|)) (32)
and recovering the standard Coulomb potential
A0(x) =
∫
dτ a0 (x, τ) =
e
4pi|x| (33)
under concatenation. A test event on the lightcone of this event will experience the
force
Mx¨ = e2 ∇
[
e−|x|/λ
4pi |x|
]
(34)
in which 1/λ represents the mass spectrum of the pre-Maxwell field. If λ is small (so
that ϕ approaches a delta function and the current narrows to around the event) the
mass spectrum becomes wide. If λ is large, the support of the current spreads along
the worldline and the potential becomes Coulomb-like.
An arbitrary event Xµ (τ) induces the current
jµϕ (x, τ) =
∫
ds ϕ (τ − s) X˙α (s) δ4 [x− X (s)] (35)
leading to the Lie´nard-Wiechert potential
aβ (x, τ) = −e
∫
d4x′dτ′D
(
x− x′) δ (τ − τ′) jµϕ (x′, τ′) (36)
=
e
2pi
∫
ds ϕ (τ − s) r˙α (s) δ
(
(x− X (s))2
)
θret (37)
Using identity ∫
dτ f (τ) δ [g (τ)] =
f (τR)
|g′ (τR)| , (38)
where τR is the retarded time found from
g (τ) = (x− X(τR))2 = 0 θret = θ
(
x0 − X0 (τR)
)
, (39)
provides
aβ (x, τ) =
e
4pi
ϕ (τ − τR) X˙
β (τR)
(xµ − Xµ (τR)) X˙µ (τR)
. (40)
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Notice that the τ-dependence is limited to the smoothing kernel ϕ (τ − τR) and again
λ plays the role of a correlation length that localizes the interaction to the neighbor-
hood τR ± λ. Using this potential and writing
uµ = X˙µ(τ) zµ = xµ − Xµ(τ) (41)
we find the field strengths, separated into the retarded and radiation parts, as
f µνret (x, τ) =−eϕ (τ − τR)
(zµuν − zνuµ) u2
4pi (u · z)3 ∼
1
z2
(42)
f 5µret (x, τ) = eϕ (τ − τR)
zµu2 − uµ (u · z)
4pi (u · z)3 ∼
1
z2
(43)
f µνrad(x, τ) =−eϕ(τ − τR)
(zµu˙ν − zνu˙µ) (u · z)− (zµuν − zνuµ) (u˙ · z)
4pi (u · z)3
− e
4pi
[
zµuν − zνuµ
(u · z)2
]
d
dτR
ϕ(τ − τR) ∼ 1|z| (44)
f 5µrad(x, τ) = eϕ (τ − τR)
(u˙ · z) zµ
4pi (u · z)3 − e
zµ − uµ (u · z)
4pi (u · z)2
d
dτR
ϕ (τ − τR) ∼ 1|z| (45)
3 Coulomb scattering
We begin by analyzing the scattering at τ1 in Figure 4. Initially (at time τ → −∞) the
target nucleus Z and incoming particle are widely separated. The nucleus is at rest in
the laboratory frame,
XZ (τ) = (tZ, xZ) = (1, 0) τ (46)
and the incoming particle approaches on the trajectory
Xin (τ) = (t, x, y, z) = uτ + s = t˙in (1, v, 0, 0) τ +
(
st, 0, sy, 0
)
(47)
where
u =
d
dτ
(t, x, y, z)
dx
dτ
=
dx
dt
t˙in = vt˙in t˙in =
dt
dτ
=
1√
1− v2 . (48)
The scattering takes place in the plane z = 0 so that the spatial distance between the
incoming particle and the target is
R (τ) = |x| =
√
x2 + y2 =
√
(vt˙inτ)
2
+ s2y . (49)
It is convenient take the correlation length λ to be small so that the support of the
fields is narrowly centered around the retarded time τ1. Taking λ ≈ R(τ1) allows us
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to approximate ϕ(τ − τ1) ≈ δ(τ − τ1), so that τ1 is determined from the causality
conditions for the initial trajectories,
[Xin (τ1)− XZ (τ1) ]2 = 0 X0in (τ1)− X0Z (τ1) > 0 (50)
These equations have the solution
τ1 =
1
vt˙in (1− η2v)
(
ηvst +
√
s2t − s2y (1− η2v)
)
−−−−→
v 1
√
s2t − s2y
v
(51)
where it is convenient to introduce the smooth parameter
ηv =
1
v
(
1− 1
t˙in
)
−→
{
0, v = 0
1, v = 1 . (52)
Notice that the 0-component st of the impact parameter must be positive in order for
the interaction to take place. The location of the incoming particle at the time of inter-
action is found to be
x (τ1) = R Rˆ t (τ1) = t˙inτ1 + st (53)
where
R =
1
1− η2v
(
ηv
√
s2t − s2y (1− η2v) + st
)
−−−−→
v 1
st (54)
Rˆ =
(
ηvst +
√
s2t − s2y (1− η2v),
(
1− η2v
)
sy, 0
)
st + ηv
√
s2t − s2y (1− η2v)
−−−−→
v 1
√1− s2y
s2t
,
sy
st
, 0
 . (55)
From equation (32) the potential induced by the target nucleus is
a0 (x, τ) = a5 (x, τ) =
Ze
4piR
δ (τ − τ1) ai = 0 (56)
so that the nonzero field strengths can be written
ei = ∂0ai − ∂ia0 f 5i = ∂5ai − ∂ia5 f 50 = ∂5a0 − ∂0a5 (57)
e = −∇a0 f5 = −∇a5 = e f 50 = −
(
1+
1
t˙in
)
∂τa0 . (58)
Using these expressions in (12) provides the Lorentz force on the incoming particle in
the form
t¨ =− e0
M
e · x˙− e0
M
f 50 =
λe
M
(
x˙ · ∇+
(
1+
1
t˙in
)
∂τ
)
a0 (x, τ) (59)
x¨ =− e0
M
et˙ +
e0
M
f5 =
λe
M
(
t˙ + 1
)∇a0 (x, τ) . (60)
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The delta function in (56) enables immediate integration of the force equations as
t˙ f − t˙in = λM
τ1+λ/2∫
τ1−λ/2
dτ
(
x˙ · ∇+
(
1+
1
t˙in
)
∂τ
)
Ze2
4piR
δ (τ − τ1)
=
λ
M
x˙ (τ1) · ∇ Ze
2
4piR
= − λ
M
Ze2
4piR2
x˙ (τ1) · Rˆ (61)
x˙ f − x˙in = λM
τ1+λ/2∫
τ1−λ/2
dτ
(
t˙ + 1
)∇ Ze2
4piR
δ (τ − τ1)
= − λ
M
Ze2
4piR2
(
t˙ (τ1) + 1
)
Rˆ (62)
where the velocities are evaluated at the interaction point as(
t˙, x˙
)
(τ1) =
1
2
[
(t˙, x˙) f + (t˙, x˙)in
]
. (63)
We introduce the dimensionless parameter
ge =
λ
M
Ze2
4piR2
=
λ
R
× Ze
2
4piR
1
M
=
correlation length
impact parameter
× interaction energy
mass energy
(64)
which appears in (61) and (62) as the factor controlling the strength of the interaction.
Writing
αx =
1
2
geRˆx αy =
1
2
geRˆy (65)
we can expand the Lorentz force as components in the form 1 αx αyαx 1 0
αy 0 1
 t˙ fx˙ f
y˙ f
 =
 1 −αx 0−αx 1 0
−αy 0 0
 t˙invt˙in
0
− 2
 0αx
αy
 (66)
and solve for the final velocity t˙ fx˙ f
y˙ f
 = 1
1− 14 g2e

 t˙invt˙in
0
− ge
 t˙invRˆx(t˙in + 1) Rˆx
(t˙in + 1) Rˆy
+ 14 g2e
 t˙in + 2(Rˆ2x − Rˆ2y) vt˙in
2RˆxRˆyvt˙in

 . (67)
Before considering pair annhilation, we examine the low velocity and low interaction
energy limit of this result. Taking
|x˙| = v 1 t˙in → 1 ηv → 0 ge  1 (68)
the initial velocity reduces to
X˙in (τ)→ (1, v, 0, 0) , (69)
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the final velocity becomes
t˙ f ≈ t˙in x˙ f ≈ x˙− 2geRˆ Rˆ =
√1− s2y
s2t
,
sy
st
, 0
 R = st (70)
and the scattering angle can be found as
cos θ =
x˙ f · x˙∣∣x˙ f ∣∣ |x˙| = x˙
2 − 2geRˆ · x˙∣∣x˙ f ∣∣ |x˙| = v− 2geRˆx∣∣x˙ f ∣∣ . (71)
If we impose the nonrelativistic condition for conservation of energy, we obtain a new
constraint in the form
x˙2 = v2 = x˙2f =
[
x˙− 2geRˆ
]2 ⇒ vRˆx = ge (72)
in which case
cos θ =
1∣∣x˙ f ∣∣ [v− geRˆx] = 1− 2Rˆ2x (73)
Now, using (64) we find
cot
θ
2
=
√
1+ cos θ
1− cos θ =
Rˆy
Rˆx
=
sy
st
v
ge
=
st
λv
× 4piMv
2sy
Ze2
(74)
which recovers the Rutherford scattering formula if
st
λv
= 1 . (75)
But from (68) we have st = R (τ1) which we assumed to be comparable to λ. Since
λv λ in this low velocity case, (75) cannot be maintained. This result is unsurprising
because the short-range potential cannot provide an adequate model of nonrelativistic
Rutherford scattering.
Removing these restrictions and returning to the relativistic case, the condition for pair
annihilation is that particle-1 scatters to negative energy, that is t˙ f < 0 for some value
of ge. From (61)
t˙ f =
t˙in
(
1− gevRˆx
)
+ 14 g
2
e (t˙in + 2)
1− 14 g2e
(76)
and we see that for small values of ge,
t˙ f −→ t˙in ≥ 1 . (77)
Since v < 1 and Rx < 1, the discriminant of the numerator satisfies
(vRx)
2 −
[
1+
2
t˙in
]
< 0 (78)
so that the numerator is positive definite. The denominator becomes negative when
1− 1
4
g2e < 0 ⇒ ge =
correlation length
impact parameter
× interaction energy
mass energy
> 2 (79)
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and since we take the correlation length λ approximately equal to the impact parame-
ter R, the requirement for pair annihilation is
Ze2
4piR
> 2 M (80)
meaning that the interaction energy is greater than the mass energy of the annihilated
particles. As ge approaches 2 from below t˙ f becomes very large. After ge passes this
critical value, t˙ f decreases from large negative values, taking the limiting value
t˙ f −−−−−→ge→∞ − (t˙in + 2) =⇒ E f = −(Ein + 2M) (81)
so that the outgoing trajectory is timelike for all values of ge.
4 Bremsstrahlung
Having found the condition for pair annihilation at time τ1 we now apply the general
expression (67) to describe the scattering at time τ2. Particle-2 approaches a second
nucleus along some trajectory xµin(τ) and emerges from the interaction along trajectory
xµf (τ) with positive energy. To find the radiation field emitted by the scattering and
acceleration of particle-2, at a point yµ along a line of observation
z = y− x(τ2) , (82)
we write the initial and final 4-velocities as
uin = x˙in u f = x˙ f (83)
so that
∆u = u f − uin (84)
u (τ) = uin + ∆u θ (τ − τ2) (85)
u˙ (τ) = ∆u δ (τ − τ2) (86)
u (τ2) = u¯ =
1
2
[
u f + uin
]
. (87)
From (44) and (45) we rewrite the radiation fields produced by an arbitrary trajectory
in the form
f µνrad =−eϕ(τ − τ2)Fµν (z, u, u˙)− eϕ′(τ − τ2)Gµν (88)
f 5µrad = eϕ(τ − τ2)F 5µ (z, u, u˙)− eϕ′(τ − τ2)G5µ (89)
where
Fµν =
[
(z ∧ u˙) (u · z)− (z ∧ u) (u˙ · z)
4pi (u · z)3
]µν
Gµν = 1
4pi
[
z ∧ u
(u · z)2
]µν
(90)
14
F 5µ =
[
(u˙ · z) z
4pi (u · z)3
]µ
G5µ =
[
z− u (u · z)
4pi (u · z)2
]µ
. (91)
As pictured in Figure 4, the radiation emitted by the scattering of particle-2 is absorbed
by the negative energy particle-1 arriving at yµ. Using the Lorentz force equations (12)
we calculate the change in velocity to particle-1 caused by the incoming radiation.
Since we take λ to be small, we may approximate the smoothing kernel as
ϕ (τ − τ2) = 12λ
[
θ
(
τ − (τ2 − λ)
)− θ (τ − (τ2 + λ))] . (92)
The τ integrations over ϕ′(τ − τ2) vanish, leaving the change in velocity y˙µ(τ2) of
particle-1 in the form
∆y˙µ =
λe
M
∫ ∞
−∞
dτ
[
f µνrady˙ν + f
µ5
rady˙5
]
= − e
2
2M
∫ τ2+λ
τ2−λ
dτ
[
Fµνy˙ν +Fµ5y˙5
]
=− e
2
2M
[
Fµν (z, u¯,∆u) y˙ν +F 5µ (z, u¯,∆u)
]
(93)
expressed in terms of the velocity change ∆u and average velocity u¯, which are found
from (67) to be
∆u = − ge
1− 14 g2e
 vt˙inRˆx(t˙in + 1) Rˆx
(t˙in + 1) Rˆy
+ 12 g2e
1− 14 g2e
 (t˙in + 1)vt˙inRˆ2x
vt˙inRˆxRˆy
 (94)
u¯ =
1
1− 14 g2e
 t˙invt˙in
0
− 12 ge
1− 14 g2e
 vt˙inRˆx(t˙in + 1) Rˆx
(t˙in + 1) Rˆy
+ 14 g2e
1− 14 g2e
 1−vt˙inRˆ2y
vt˙inRˆxRˆy
 . (95)
Since the support of ϕ(τ − τ2) is narrowly centered on τ2, the line of observation zµ
must be a lightlike vector, which we write as
zµ = yµ − xµ (τ2) = ρnˆµ nˆ = (1, nˆ) , nˆ2 = 1 . (96)
From (93) the Lorentz force acting on particle-1 at τ2 can be written
y˙µf +
e2
4M
(zµ∆uν − zν∆uµ) (u¯ · z)− (zµu¯ν − zνu¯µ) (∆u · z)
4pi (u¯ · z)3 y˙
ν
f
= y˙µi −
1
4
e2
M
(zµ∆uν − zν∆uµ) (u¯ · z)− (zµu¯ν − zνu¯µ) (∆u · z)
4pi (u¯ · z)3 y˙
ν
i
+
e2
2M
(∆u · z) zµ
4pi (u¯ · z)3 (97)
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Making the simplifying choice Rˆ · nˆ = 0, we find
u¯ · z = −ργ
[
1− v
(
nˆx +
1
2
geRˆx
)]
∆u · z = geγvρRˆx (98)
so that taking v 1 and neglecting g2e , the Lorentz force equations become
y˙0f − gegRRˆ · y f = y˙0in + gegRRˆ · y˙in (99)
y˙ f + gegR
[(
nˆ · y˙ f − y˙0f
)
Rˆ− nˆ (Rˆ · y˙ f )] = y˙in − gegR [(nˆ · y˙in − y˙0in) Rˆ− nˆ (Rˆ · y˙in)]
(100)
where
gR =
1
2M
e2
4piρ
. (101)
We write the velocity of incoming negative energy particle-1 as
y˙0in < −1 y˙in · nˆ = 0 ⇒ y˙in = |y˙in| Rˆ (102)
and write the Lorentz force in components, with g = gegR, as 1 −gRˆx −gRˆy−gRˆx 1− gnˆxRˆx −gnˆxRˆy
−gRˆy −gnˆyRˆx 1− gnˆyRˆy

 y˙
0
f
y˙x f
y˙y f
 =
 1 0 0gRˆx 1 0
gRˆy 0 1

 y˙
0
i
y˙xi
y˙yi
+ g |y˙i|
 1nˆx
nˆy

(103)
so that the final velocity of particle-1 after absorbing the radiation is[
y˙0f
y˙ f
]
=
1
1− g2
[
y˙0in
|y˙in| Rˆ
]
+
2g
1− g2
[
|y˙in|
y˙0inRˆ + |y˙in| nˆ
]
+
g2
1− g2
[
y˙0in + |y˙in|
2y˙0innˆ + 2 |y˙in| Rˆ
]
+
g3
1− g2
[
|y˙in|
|y˙in| nˆ
]
.(104)
The 0-component is
y˙0f =
1+ g2
1− g2 y˙
0
in + g
2+ g + g2
1− g2 |y˙in| (105)
approximated at low velocity as
y˙0f ≈
1+ g2
1− g2 y˙
0
in = −αy˙0in (106)
where
g2 =
α+ 1
α− 1 ⇒ α = −
1+ g2
1− g2 (107)
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is written so that α > 1 for a positive energy timelike particle. The exact final velocity
of the scattered particle is[
y˙0f
y˙ f
]
=−α− 1
2
[
y˙0in
|y˙in| Rˆ
]
+
√
α2 − 1
[
|y˙in|
y˙0inRˆ + |y˙in| nˆ
]
−α+ 1
2
[
y˙0in + |y˙in|
2y˙0innˆ + 2 |y˙in| Rˆ
]
− α+ 1
2
√
α+ 1
α− 1
[
|y˙in|
|y˙in| nˆ
]
(108)
with 0-component
y˙0f = −αy˙0in −
α+ 1
2
[
1+
3− α√
α2 − 1
]
|y˙in| . (109)
A pair creation event is observed at τ2 for α > 1 which requires that g2 = g2e g2R > 1. In
this case, ge is the interaction strength for the scattering of particle-2 to positive energy,
so ge < 2. From (101) the requirement for pair creation is then
e2
4piρ
>
2M
ge
. (110)
5 Conclusions
In this paper we have shown that a classical equivalent of the Bethe-Heitler mecha-
nism is permitted in Stueckelberg-Horwitz electrodynamics. Although Stueckelberg
proposed his model with the goal of providing such a description, the calculation has
not been previously carried out in detail. The process begins at τ1 with a pair annihila-
tion event produced by the scattering of an incoming particle in the Coulomb field of
a target nucleus. The general solution for the change in velocity leads to a requirement
for this pair process
ge =
λ
R
× Ze
2
4piR
1
M
> 2 ⇒ λ
R
× Ze
2
4piR
> 2M (111)
which is reasonable on relativistic grounds and can be seen as consistent with the QED
requirement of interaction energy greater than the total mass energy of the particle
pair. The next stage in the mechanism is the scattering to positive energy (ge < 2
for this interaction) of a second particle in the Coulomb field of another nucleus. The
outgoing 4-velocity is found from the general solution for Coulomb scattering, and
this allows us to calculate the radiation emitted by the accelerating particle. Using the
Lorentz force on the first particle produced by absorption of bremsstrahlung we find
the requirement on pair creation to be
gegR > 1 ⇒ e
2
4piρ
>
2M
ge
(112)
which is similarly reasonable on relativistic grounds.
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Further work is required to obtain a realistic description of the classical Bethe-Heitler
mechanism. To describe the interaction for the long range Coulomb force, it is neces-
sary to solve the nonlinear differential equations that arise from the smoothing func-
tion
ϕ(τ) =
1
2λ
e−|τ|/λ (113)
with a large enough λ to accurately model Rutherford scattering. It is also necessary to
examine the mass transfer in the pair processes and check mass conservation among
particles and fields.
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